Abstract. In this paper, the parabola will be characterized as the plane curve whose curvature function and support function satisfy a condition, where we define the support function as the distance from origin to the tangent line.
Introduction
Prof. Dong-Soo Kim and Prof. Young Ho Kim studied the relationship between the support function and the curvature of the ellipse and the hyperbola in [2] . For the parabola, their method doesn't work. In this note, using our method, we give a characterization of the parabola with the support function. 2 . As we know that the best known plane curves are the straight lines and the circles, which are characterized as the plane curves of constant curvature. In [2] , the ellipse and the hyperbola have been characterized by the curvature and the support function. In the following, we also use the curvature function and the support function to characterize the parabola.
Preliminaries Let r(s)
:
Let h(s) = ⟨r(s), β(s)⟩. This means that h(s) is the signed distance from the origin to the tangent line at r(s). The function h(s) is called the support function of the curve r(s).
Without loss of generality, we may consider the parabola as Γ : y 2 = 2px + p 2 , where p is a positive constant. In this case we know that κ(s) ̸ = 0 and h(s) ̸ = 0. 
Main results
Proof. Let r(s) : I → E 2 be an unit-speed curve. Denote the position vector field r(s) = (x(s), y(s)) and s as the arc length parameter of r(s). We may assume that r(s) is positive oriented. Denoting γ(s) = (−p, y(s)), so the inward unit normal vector β(s) is given by
Since {α(s), β(s)} is a right-handed orthonormal basis for E 2 , we have
Hence the curvature κ(s) satisfies
From (2), (4) and the equation of Γ, we complete the proof of Theorem 3.1.
Given an unit-speed curve r(s) : I → E 2 , we denote θ = θ(s) the angle between the positive x-axis and the unit normal β(s), measured counterclockwise. Then, for r(s) describing the parabola Γ : y 2 = 2px + p 2 we know that
Hence we get 2h(θ) cos θ + p = 0.
We say that an unit-speed curve r(s) satisfies condition ( * ) if κ = − p 
for a function λ : J → R. If we denote byṙ(θ) the derivation with respect to θ, then we get λ(θ) = −ḣ(θ), sinceṙ(θ) is parallel to α(θ). Accordingly, we have
This shows that the curvature is given by 
